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Abstract. We show that a conjecture by Lawson holds, that is, the inclusion 
from the Chow variety C p [ j(P n ) of all effective algebraic p-cycles of degree 
d in n-dimensional projective space P n to the space C p (¥ n ) of effective alge- 
braic p-cycles in P™ is 2a!-connected. As a result, the homotopy and homology 
groups of C Pit j(P n ) are calculated up to 2d. We also show an analogous state- 
ment for Chow variety C p [ j(P") over algebraically closed field K of arbitrary 
characteristic and compute their etale homotopy groups up to 2d. 
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1. Introduction 

Let P" be the complex projective space of dimension n and let C Pi ,j(P n ) be the 
space of effective algebraic p-cycles of degree d on P™. A fact proved by Chow 
and Van der Waerden is that C Pj( j(P n ) carries the structure of a closed complex 
algebraic set. Hence it carries the structure of a compact Hausdorff space. 

Let Zo C P™ be a fixed p-dimensional linear subspace. For each d > 1, we consider 
the analytic embedding 

(1) i:C p , d (P")^C P)d+1 (P") 

defined by c i— > c + Iq. From this sequence of embeddings we can form the union 

C P (P") = lim C Pid (P"). 

d — >oc 

The topology on C p (P n ) is the weak topology for {C Pt d(W n )}c£ = i, that is, a set 
C C C P (P") is closed if and only if C n C pA {f n ) is closed in C* p , d (P") for all d > 1. 
For details, the reader is referred to the paper |L1| . The background on homotopy 
theory is referred to the book [W] . 

In this note, we will prove the following main result. 

Theorem 1. For all n,p and d, the inclusion i : C Pj d(P™) C P (P") induced by 
Equation (OJ) is 2d- connected. 
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This fact was conjectured by Lawson [Llj . who had proved that the inclusion 
i : C Pi< 2(P n ) C P (P") has a right homotopy inverse through dimension 2d. 

The method in the proof of Theorem [T] comes from Lawson in his proof of the 
Complex Suspension Theorem [Llj , i.e., the complex suspension to the space of 
p-cycles on P' 1 yields a homotopy equivalence to the space of (p + l)-cycles on 

pn+1 

As applications of the main result, we calculate the first 2d + 1 homotopy and 
homology groups of C P; d(P"). 

The analogous result of Theorem [T] for Chow varieties over algebraically closed 
fields is obtained (cf. Theorem [TO]) . 

Acknowledgements: I would like to gratitude professor Blaine Lawson for point- 
ing out a gap in an early version of this note as well as helpful advice on the 
organization of the paper. 

2. The Method in the proof of the Complex Suspension Theorem 

Now wc briefly review Lawson's method in the proof of the Complex Suspension 
Theorem. The materials in this section can be found in |Llj , [F] and [L2] . 

Fix a hyperplane P™ C P' i+1 and a point P° G P" +1 — P". For any non-negative 
integer p and d, set 

T p+1 . d (V n+1 ) ■= {c = J2 n M e ^^(P^ldim^-nP™) =P, Vz}. 

(when d = 0, C Pi o(P n ) is defined to be the empty cycle.) 

The following result was proved by Lawson and a generalized algebraic version 
was proved by Friedlander [P]. 

Proposition 2 ([EE]). The set T p+1 . d (F n+1 ) is Zariski open in C p+ i, d (P n+1 ). 
Moreover, T p+ i. ( j(P n+1 ) is homotopy equivalent to C p .d(P n ). In particular, their 
corresponding homotopy groups are isomorphic, i.e., 

(2) ^,(T p+M (P' 1+1 )) £ 7T*(<7 Pjd (P™)). 

Fix linear embedding P' l+1 C P n+2 and two points x , Xl G P"+ 2 - P" +1 . Each 
projection pi : P n + 2 — {xo} — > P ri+1 (i = 0, 1) gives us a holomorphic line bundle 
over P' l+1 . 

Let D G C„+i ie (P' i+2 ) be an effective divisor of degree e in P n + 2 such that xq, x\ 
are not in D. Denote by Dhf e (P n+2 ) C C, l+ i, e (P" +2 ) the subset of all such D. 

Any effective cycle c G C p +i,ti(P n+1 ) can be lifted to a cycle with support in D, 
defined as follows: 

<$ D (c) = (S Ko c) D. 

The map ^(c, D) := ^E'd(c) is a continuous map with variables c and D. Hence 
we have a continuous map ■ C p+ i,£i(P n+1 ) — ► C p+ i j( i e (P™ +2 — {xo,xi}). The 
composition of with the projection (po)* is (po)* ° = e (where e • c = 
c + • • • + c for e times). The composition of with the projection (pi)* gives us 
a transformation of cycles in P n+1 which makes most of them intersecting properly 
to P". To sec this, we consider the family of divisors tD, < t < 1, given by scalar 
multiplication by t in the line bundle po : P™+ 2 — {a;o} — ► P' l+1 . 

Assume x± is not in tD for all t. Then the above construction gives us a family 
transformation 

F tD ■= (pi)* o m tD : C p+hd (P n+1 ) -» C p+hde (V n+1 ) 
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for < t < 1. Note that Fqd = e (multiplication by e). 

The question is that for a fixed c, which divisors D G C„+i. e (P™ +2 ) {xq is not in 
Z? and x\ is not in Un<t<i ^D) have the property that 

f 1D (c)eW( r+1 ) 

for all < t < 1. 

Set B c := {D e C„+i, e (P' l+2 )|i ;l tD (c) is not in T p+1Ae {T n+1 ) for some < t < 1}, 
i.e., all degree e divisors on P n + 2 such that some component of 

W,o* tD (c)cP" 

for some t > 0. 

An important calculation we will use later is the following result. 
Proposition 3 ([LJ]). For c E C P+M (P" +1 ) ; codim c B c > ( P+ ^ +1 ). 

3. Proof of the first main result 

In the construction of the last section, F t D maps C p +i i( j(P™ +1 ) to C p +i jC ;e(I I,n+1 ), 
i.e., 

F tD ~ (pi)* o $ tD : C p+1 , d (P n+1 ) -» C p+Me (P n+1 ). 
Moreover, the image of F t D is in the Zariski open subset T p+ i^(J? n+1 ) if D is not 

(D-|-£-|- 1 \ 
e J is positive. 

Suppose now that / : S k — ► C p+ i i£ ;(P™ +1 ) is a continuous map for < fc < 2d. 
We may assume that / is piecewise linear up to homotopy. Then the map e • / = 
Fod o / is homotopic to a map S k -> T p+Me (P™ +1 ). To see this, we consider the 
family 

F tD o / : S k -+ C p+Me (P" +1 ), < t < 1, 
where D lies outside the union [J xG gk This is a set of real codimension 

bigger than or equal to 2( p+ ^ +1 ) — (k + 1). Therefore, if 2( p+ ^ +1 ) - (fc + 1) > 1, 
e J — 2, then such a D exists once we choose a large e such that 
) — 2. Therefore we have the following commutative diagram 

(3) T p+M (P™ +1 ) T p+1 , de (P" +1 ) 

P ^ P 

S k — f -+ C P+M (P" +1 ) C p+Me (P" +1 ), 

where Frj := fixj. 

Proposition 4. for any integer e > 1, £/ie map 

e : C , d (P") -> C , de (P"), e (c) = e • c 
induces injections </> e * : 7Tfc(Co,<i(P™)) — ► 7Tfc(C'o,de(P™)) /or fc < 2d. 

Proof. First note that C*o,d(P") = SP d (P"), where SP d (P") denotes the d-th sym- 
metric product of P". Denote by A : (P") d -> ((P") d ) e = (P") de the diagonal 
map A(z) = (x, for e copies of x and and p\ : ((P ra ) d ) e — > (F n ) d the pro- 

jection on the first component. Hence we have p\ o A = id : (P") d — > (P") d and 
pi« oA, = id* : F fc ((P") d ) -> iJ fc ((P") d ) for any integer fc > 0. This implies the 
injectivity of A*. 



4 



WENCHUAN HU 



From the commutative diagram of continuous maps of complex varieties 



(P") 



n\d 



SP d (¥ n ) — ->- SP^P"), 

where 7r : X m — ► SP m X is the natural projection, we have the induced commutative 
diagram on homology groups 



(4) 



ff fc ((P") rf ,( 



ff fe (SP d (P n ),Q) 



A. 



H k {SP de (P n ), 



is injective for all e > I. Let a G fl fc (SP d (P n ),( 



for any k > 0. 

Now we show that ^, 
be an element such that 0'„ <8> Q(aj = 0. Since H k ({P n ) d , Q) s " = H k (SP d (F n ), Q) 
for any d > 1, there is an element a G i/fe((P™) d , Q) such that 7r*(a) = a, where 
Sd is the d-th symmetric group and H k ((P n ) d , Q) Sd is the ^-invariant subgroup of 
H k ((P n ) d , Q). The element a is S^-invariant. Set /? := A* (a). From the commu- 
tative diagram Q), we have 7r*(/3) = 0. Since /3 is S^e-invariant and 7T*(/3) = 0, we 
get /3 = since H k ({P n ) de ,Q) Sd ' = H k (SP de (P n ),Q) (cf. e.g. [Eg]). This implies 
that a = since A* is injective and A*(S) = /3 = 0. Therefore a = 7T*(5) = 0, i.e., 
<Ae* €5 Q is injective on rational homology groups. 

Note that the map 4> e : SP d (P") -*■ SP de (P") induces a commutative diagram 



(5) 



7r fe (SP d (P")) 



7r fe (SP de (P")) 



/d fc (SP a (P")) 



p 

de I 



H k {SP ae (JP n )) 



where p arc Hurcwicz maps. 

We claim that if k < 2d, then (f>„ : 7r fe (SP d (P")) -> 7r fc (SP de (P™)) is injective. 
First we will show that <\>„ ®Q : 7r fe (SP d (P")) <g> <Q -> 7r fe (SP de (P")) ®Q is injective. 

Fix xo G P™. Let % : P" -> SP rf (P") be the map given by i(sc) = a; + (d - l)x 
and let j : SP rf (P n ) -► SP°°(P n ) be induced by the sequence of maps SP d (P") -> 
SP +m (P"), y y + mxo. Then i induces a commutative diagram 



(6) 



TTfcl 



') 



-7T fe (SP d (P")) 
P 

■- ,,DT 

/d fc (SP d (P")), 



^(sp^op")) 



where the dotted map DT : 7r fe (SP d (P n )) — » id fc (P") is the Dold-Thom isomor- 
phism. This follows from the fact that, for any connected finite CW complex X and 

a fixed point xo G X, the composed map 7r k (X) -4 7rfe(SP°°(X)) — ► H k (X) of the 
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induced map j* by the inclusion j : X = SP 1 (X) C SP°°(X) and the Dold-Thom 
map DT : nk(SP°°(X)) -> H k {X) is the Hurewicz map (cf. [DTD- 
Note that j* : 7r fc (SP d (P")) -► 7r fc (SP°°(P n )) is an isomorphism for k < 2d 
(cf. [D] or [Mi| ) . From equation ([6]), we obtain the injectivity of the Hurewicz map 
p : 7r fc (SP d (P™)) -> if fe (SP d (P™)) for ft < 2d since i'„ oDToj* = p and the injectivity 
of C Now the injectivity of <f> Et ®Q : 7r fc (SP d (P")) ® Q -> 7r fc (SP de (P")) ® Q follows 
from equation (J5]) as well as the injectivity of p <g> Q and 4>' e ^ <E> Q. Since 

7r fe (SP d (p")) = . fc (sp rfe (p")) - ( % °. <k * 2 ^ an d / e TT' . . 

v v " v I °' ft = or ft < 2d and ft odd 

(cf. [D] or |Mij ) . the injectivity of ^> eH » Eg) Q implies the injectivity of e *. □ 

Remark 5. From the proof of Proposition^ we obtain that </> e *CS)Q : 7rfc(Co,d(P™))<8> 
Q ^ 7T fc (C ,d e (P")) <g> Q /or all k < 2d. To see this we note that, for k < 2d, both 
7Tfc(C ,d(P n j) and ir k (CoM pn )) are isomorphic to 7r fe (C (P™)) = H k (P n ). So the 
injectivity of <p e * implies an isomorphism for (j) est <8>Q. 

Lemma 6. There is a commutative diagram 



T P+M (P" +1 ) T p+Me (P" +1 ), 

where <fr p ^d.n.e (&o.d,n,e = 0e Jtt Proposition [^J) is f/ie composed map 

C p , d (P") -> C Pid (P") x • • • x C p , d (P") -> C p , de (P") 
c i— > (c, c) i ^ e • c 

andD £ Dhf e (¥ n+2 ), F tD is the restriction of F tD : C p+M (P n+1 ) -> C p+Me (P" +1 ). 

Proof. Note that the image of the restriction of 

F tD : C P+M (P' 1+1 ) C p+Me (P" +1 ) 

on T p +i j rf(P Il+1 ) is in T p +i i( je(P n+1 )- The remaining part follows from Lemma 5.5 
in [LT]. ' □ 

Proposition 7. For integers p, d, n, there is an integer e p d, n > 1 such that if e > 
e p ,d,n> then the map $p+i,<i,n+i,e ■ C p +m(P") -> C p+ x jde (¥ n+x ) given by c i-> e ■ c 
induces injections 

($ P +i,d,«+i,e)* : 7r fc (C p+M (P" +1 )) 7r fc (C p+ i, de (P n+1 )) 

/or ft < 2d. 

Proof. We prove it by induction. The case that p = — 1 follows from Proposition 
H We assume that $ p , d ,n,e ■ C P: d(P n ) -> C Pide (P n+1 ) defined by $ P)t j, n , e (c) = e • c 
induces injections ($ p ,d,n, e )* : 7Tfc(C Pj( /(P™)) — > 7Tfc(C P;( 2 e (P™)) for k < 2d and e > 

^ P ,d,ro* 

Let a S n k (Cp + i t d{P n+1 )) be an element such that ($ p +i,d,n+i,e)*(oi) = 0, that 
is, (Fo£))*(a) = 0. Let / : S — > C p +i ;( i(P™ +1 ) be piccewise linear up to homotopy 
such that [/] = a. By assumption, [Fob ° /] =0. 
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By Lemma E] and Equation j3]), we have 



S k "-^ C p , d (F n ) P -^+ C p , de (W< 



II T P+M (P"+ 1 ) T p+Me (P™+ 1 ) 

F D 



S k 



f 



a 



p+l,d 




p+l,de\ 



Since F 0D is homotopy to F D : C p+M (P' l+1 )) -> T p+Me (P" +1 )) for e > e p+1 . d ,„ (cf. 
[LI]), we have [F D of] = G 7r fc (T p+Me (P" +1 )). By Proposition!! E^d^W]) = 
0. From the above commutative diagram and the injectivity of {<& P ,d.n,e)*, the map 
/ : S k C P+M (P™ +1 ) can be lifted to a null homotopy map g :' S k -► C p , d (P") 
such that ($ p ,d'„ >e )*([<?]) = E" 1 ^ o /]) and [/] = [E o g}. Hence a = [/j = 0. 
That is, (.Fou)* = (^p+i.d.n+i.e)* is injective for fc < 2d. □ 

The proof of Theorem^ The case that p = — 1 has been proved in [D] and [Mij . 
By taking limit e — > oo in Proposition \7\ we get injections 7tk(C p +i id (¥ n+1 )) — > 
7r fc (C p+ i(P" +1 )) for k < 2d. On one hand, from the fact that Tr k {C p+1 (P ,l+1 )) 
is isomorphic to either Z or (cf. [Ll| ) and the injections above, we obtain 
7r fe(Cp+i. ( i(P™ +1 )) is isomorphic to either Z or for k < 2d. On the other hand, 
the induced map z* : 7r fc (C p+ i i(; (P n+1 )) — » 7r fc (C p+ i(P™ +1 )) by equation |T]) is sur- 
jective for k < 2d (cf. |Llj . Theorem 2). Hence ir k (C p +i yd (F n+1 )) is isomorphic to 
ir k (C p+1 (¥ n+1 )) for fc < 2d. 

From the fact that the inclusion map i : C Pi d(P") C C P (P") in equation 
induces surjections i* : Tr k {C p , d (V n )) -> 7r fe (C p (P™')) for fc < 2d (cf. (El]) and 



7T fc (C p , d (P")) ^ ^ fe (C p (P")) 



Z, for < k < min{2d, 2(n - p)} 
0, all other k such that k < 2d, 



we obtain also the injectivity of for k < 2d since a surjective homomorphism to 
from Z to Z is an isomorphism. This completes the proof of Theorem [T] □ 

As applications of Theorem [1] and Lawson's Complex Suspension Theorem [LI] . 
we get the homotopy and homology groups of C Pyd (V n ) up to 2d. 

Corollary 8. The first 2d+ 1 homotopy groups of C p ^ d (V n ) is given by the formula 

2-7 if k < min{2d, 2(n — p)} and even, 



Kk(C p4 (F n )) 



0, all other k < 2d. 



Proof. From the proof to ThcorcmQJ we have 7r fe (C p , d (P™)) -> ir k {C p {F n )) for k < 
2d. Recall the fact that C p (P n ) is homotopy equivalent to the product K(Z, 2) x 
• • • x K(Z, 2(n — p)) (cf. [El]), in particular, 



7T k (C p (¥ n )) = 



Z, if k < 2(n — p) and even, 
0, otherwise. 



□ 



Corollary 9. The first 2d+ 1 homology groups of C p , d (¥ n ) is given by the formula 
H k (C p , d (P n )) = H k (K(%,2) x---xK(Z,2(n-p))) 
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for < k < 2d where the right hand side can be computed by using the Kunneth 
formula. 

Proof. It also follows from the proof to Theorem Q] and the fact that C P (P") is 
homotopy equivalent to the product K(Z, 2) x ■ • • x K(Z, 2(n — p)). □ 

4. ETALE HOMOTOPY FOR CHOW VARIETIES OVER ALGEBRAICALLY CLOSED 

FIELDS 

In this section, we will compute the Etale homotopy groups of Chow varieties 
over algebraically closed fields. Let P^- be the projective space of dimension n over 
K, where K is an algebraic closed field of characteristic char(K). Let I be a prime 
number which is different from char(K). Let C Pt d(V n )K be the space of effective 
p-cycles of degree d in P^- . 

The notations we use in this section can be found in [FJ. Recall that the etale 
topological type functor (— ) et is a functor from simplicial schemes to pro-simplicial 
sets; the Bousficld-Kan (Z//)-complction functor (Z//)oo maps simplicial sets to 
simplicial sets; the Bousfield-Kan homotopy inverse limit functor holim(-) maps 
indexed families of simplicial sets to simplicial sets; and the geometric realization 
functor Re[— ) maps simplicial sets to topological spaces. 

Definition 1. Let |(— ) et | : [algebraic sets) — > [topological spaces) be the functor as 
the composition Re(—) o holim(-) o (Z/Z)oo ° (— ) e t- The k-th etale homotopy group 
of Xk is defined to be i^k[\{XK)et\)- 

Let lo C Pj£- be a fixed p-dimcnsional linear subspace. For each d > 1, we 
consider the closed immersions 

i:C M (V^)^C p , d+1 (V n K ). 

defined by c i— > c + Iq . These immersions induce topological embeddings 

(7) i : \[C p , d [Y n ) K ) et \ ^ \[C p , d+1 [P n ) K ) et \ 

(cf. [F], Prop. 2.1). 

From this sequence of embeddings we can form the union 

\C p (P n K ) et \ := lim \[C p , d [P n )K)et\- 

d—>oo 

The topology on \C p [P n K ) et \ is the weak topology for {\[C p4 [T n ) K )et\}T =1 - For 
more general discuss on etale homotopy on spaces of algebraic cycles, the reader is 
referred to the paper [F] . 

Our second main result is the following theorem. 

Theorem 10. For all n,p and d, the inclusion i : |(C Pi d(P™)if )et| ^ l(Cp(P n ) k) et\ 
induced by Equation |?]] is 2d-connected. 

Lemma 11. For k < 2d, we have 

„ ClQprfCTpn A \\ - / Z *' tf k - 2n md eVen ' 

WkM) - \ 0, ifk = 0ork>2nor odd. 

Proof. We need to show that 7r fe (|SP d (P£-) et |) ^ H k (¥^,Zi) for < k < 2d, where 
Hk[X,7,i) is the Z-adic homology group of X. First we have |SP d (P^-) e t| is simply 
connected for any integer d > 1. To see this, note that |SP rf (P^ r ) e t| is homotopy 
equivalent to |SP d ((P^) et )| (cf. the proof of Theorem 4.3 in [F]) and the latter 
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is simply connected since 



K )et 



is. Since the inclusion map i : |SP (PjSj-) 



|SP°°(P^)et| is homologically 2d-connected (cf. [HI]) and tti ( |SP d (F^) et |) 



0, 

we obtain the 2<i-connectivity of the inclusion map i. That is, 7Tfc(|SP a (PJ-) e t|) = 
7r/ c (|SP°°(P^) et |). Now the theorem follows from the fact (cf. [F], Corollary 4.4) 
that 

Zj, if < k < 2n and even, 
0, otherwise. 

□ 



7r fe (|SP°°(P£) et |) 



Lemma 12. For any integer e > 1, the map 

k ■■ C , d (¥ n ) K -> C , de (¥ n ) K , Mc) =e-c 
induces injections 4> e * : 7r fc (|(C ,d(P™)if )et|) -> 7Tfc(|(7o 1 de(C'P re ).K , )et|) / or fc < 2d. 
Proof. Note that there is a bi-continuous algebraic morphism from Co,d($ n )K to 

SP d (P£)(cf. [FJ) , we need to show e » : ^(|(SP d (P") K ) et |) -> 7r fc (|SP de ((P")A-)et|) 
is for fc < 2d Now the proof is word for word from Proposition [5J except that 
the homotopy groups(resp. singular homology groups) are replaced by the etale 
homotopy groups (resp. Z-adic homology groups), Z (resp. Q) are replaced by Z; 
(resp. Qi) and the Dold-Thom theorem is replaced by the Z-adic analogous version 
proved by Friedlander [FJ. □ 

Lemma 13. For integers p, d, n, there is an integer e p ,d,n > 1 such that if e> e p ^d, n , 

then the map $ p+ i,d,n+i,e : C p+ i <d {¥ n )K -> C , p+ i iC ;e(P" +1 )A' gwen by c ^ e ■ c 
induces injections 

($ p+M ,„+i, e )* : 7r fe (|(C p+M (P" + V)et|) 7r fc (|(C p+1 , de (P" +1 )K) et |) 
/or & < 2d. 

Proof. The case that if = C has been proved in Proposition [7] The analogous 
argument is given below. 

Note that the map $> p+ i,d, n +i,e ■ C p+ i^{V 1 )k -> C , p + Me (P™ +1 ) A - induced a 
continuous map (also denote by $ p+Mi „+i, e ) $ p+ i,d,n+i,e ■ |(C P +i.d(P" +1 )A)et| 
|(C p +i iC ie(P n+1 )A')et| between topological spaces (cf. [FJ, Prop. 2.1). 

We also prove it by induction. The case that p = — 1 follows from Lemma IT2"1 
We assume that $ p , d ,n,e : C Pyd (¥ n ) K -> C Pi< 2 e (P n+1 )R- defined by $ Pl d,„, e (c) = e • c 
induces injections ($ p , d ,„, e )* : 7r fe (|(C , p , d (P")A') e t|) -> 7rfc(|(C Pide (P n )A-) et |) for fc < 
2d and e > e p<d ,n- 



Let a G ^(KCp+i,, 



K)et\ 



be an element such that ( < f > p +i l d.n+i,e)*(«) = 0, 



that is, {F 0D )4a) = 0. Let / : S k -> 7r fe (|(C p _ M (P Tl+1 )/c)et|) be piecewise linear 
up to homotopy such that [/] = a. By assumption, [For; ° /] = 0. 

By Proposition 3.5 in [F] and the algebraic version of Equation ([3]), we have 



S k 



\{G p , d {¥ n ) K )et\ 
E 



n+1 



s k 



|(C p+1 , d (P"+ 1 ) if ) et | 



\{C p ,de{W n ) K )et\ 




|(T p+Me (P"+ 1 ) A -) e i| 



E 



(c P+ i, de (P" +1 ; 



A" 
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Since F 0D is homotopy to F D : (C p+M (P"+ 1 ) if )et| -> |(T P +Me(P™ + V)et| for 
e > ep+i.d.n (cf. E), we have [F D o /] = e 7r fe (|(T p+Me (P n + 1 ) K )et|). By the 
algebraic version of Proposition^ (cf. [F], Prop. 3.2), E~ 1 ([i r o o /]) = 0. From the 
above commutative diagram and the injectivity of ($ Pl< j n ,e)*i the map f : S —* 
l(C p+M (P n+1 )if)et| can be lifted to a null homotopy map g : S k -> \(C p4 (F n ) K ) et \ 
such that ($ P)dl „ >e )*([ff]) = KHIFd o /]) and [/] = [E o 5 ]. Hence a = [/] = 0. 
That is, (Fqd)* = ($ P +i,d,n+i,e)* is injective for fc < 2d. □ 

TTie proof of Theorem \l(A The case that p = — 1 has been proved in jD], [Mij and 
[F] , By taking limit e — > oo in Lemma[13l we get injections 7rfe(|(C p+ i > d(P n+1 )^-) et |) — 
|(C p+ i(P™ +1 ) / f) e t| for/c < 2d. On one hand, from the fact that 7r fe (|(C p+ i(P n+1 )K)et|) 
is isomorphic to either Z; or (cf. [F]) and the injections above, we obtain 
7Tfc(|(Cp+i(P™ +1 )if )et|) is isomorphic to either Z; or for k < 2d. On the other 
hand, the induced map u : ^ fe (|(C p + M (P' l+1 )K) et |) -> 7T fc (|(C p+ i(P™+V)et|) by 
equation J7|) is surjective for k < 2d. To see this, consider the commutative diagram 

(8) \(Co,d(V n )K)et\ |(Cp ld (P n +P)jf) et | 



induced by 



|(C (P")K) et | — ^ |(C p (P"+f) if ) ei | 



Co, d (P™)K^-C M (P n+ f)K 



C {P n ) K ^C p (¥ n +P) K 

where, E p := EoEo- ■ -oE is the suspension forp times. By the argument in the proof 
of Lcmma[TTJ we know that the left vertical arrow in equation ijHJ) is a 2d-connected 
mapping, and by Theorem 4.2 in [F] the lower horizontal arrow is a homotopy 
equivalence. This implies the map induced by i are surjective on homotopy groups 
for k < 2d. Hence ir k {\{C p+1 , d {¥ n+1 ) K ) et \) is isomorphic to ir k {\{C p+1 {F n+1 ) K ) et \) 
for k < 2d. 

By this fact that the inclusion map i : |(C Pi( i(P")if )et| C |(C p (P n )x ) et | in equa- 
tion induces surjections I* : n k {\{C p>d (F n ) K ) et \) 7r fe (|(Cp(P n ) K ) et |) for fc < 2d 
and 

Z ( , for < fc < min{2d, 2(n - p)} 
0, all other fc < 2d, 



Kk(\(C p AV n )K)et\) = 7T k (\(C p (F n ) K ) et \) = 



we obtain also the injectivity of i* for k < 2d since a surjective homomorphism to 
from Zj to Z/ is an isomorphism. This completes the proof of Theorem [lOl □ 

As an application of Theorem ITD1 and the Algebraic Suspension Theorem [F], we 
get the homotopy groups of |(C P;( z(P™)if )et| up to 2d. 

Corollary 14. The first 2d + 1 etale homotopy groups of C P) d(P™) k are given by 
the formula 



7r fc (|(C p , d (F")^) et |) 



Z;, if k < min{2d, 2(n — p)} and even, 
0, all other k < 2d. 
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WENCHUAN HU 



Proof. From the proof to TheoremHOl we have ^(KCp^ (P n ) a:) ef |) -> n k (\(Cp(P n ) K )et\) 
for k < 2d. Recall the fact that \ (C p (F n )K)et \ is homotopy equivalent to the product 
K{Z h 2) x ■ ■ • x K(Zi,2(n - p)) (cf. [F]), in particular, 

Z;, if fc < 2{n — p) and even, 
otherwise. 

□ 



n k (\(C P (f n )K)et\) = \ q[ 
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